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Abstract 

In the present note we show that any surface of general type over 
C with p g = 2,q = 1 and non birational bicanonical map has a pencil 
of curves of genus 2. Combining this result with previous ones, one 
obtains that an irregular surface S of general type with x(5 l ) > 2 and 
non-birational bicanonical map has a pencil of curves of genus 2. 



1 Introduction 

If a smooth complex surface S of general type has a pencil of curves of 
genus 2, then the bicanonical map (j) of S is not birational. We call this 
exception to the birationality of the bicanonical map <fi the standard case. 
The classification of the non-standard cases has a long history and we refer 



to the expository paper [Ci for information on this problem. 

The classification of non-standard irregular surfaces has been first con- 
sidered by Xiao Gang in |X]] . He gives a list of numerical possibilities for the 
invariants of the cases which might occur. More precise results have been 



obtained in jCTMj jCCMi and |CM| 



In this note we prove the following: 

Theorem 1.1 Let S be an irregular surface of general type over C with 
x(S) > 2 and non-birational bicanonical map. Then S has a pencil of curves 
of genus 2. 

In view of the results contained in the aforementioned papers, in order 
to prove this theorem, it suffices to exclude the existence of non-standard 
cases with p g = 2, q = 1. This we will do in §[| (see theorem |5.1| ). In §^ we 
prove some vanishing results which we apply later. In §§|3], || we study the 
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paracanonical system of the surfaces in question, proving a few numerical 
and geometric properties of it which allow us to prove theorem 5.1 , 
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2 A preliminary result 

In this section we prove some results that we will need further on. 

Lemma 2.1 Let S be an irregular surface of general type. 

If C is a 1-connected curve on S and rj E Pic°(S) is a point such that 
^(S, O s {K + rj)) = 0, then h l (S, O s (K + rj + C)) < 1 and equality holds if 
and only if tjiq ~ Oc- 

Furthermore, if h\S, O s {K + C)) = and h 1 ^, O s (K + rj + C)) = 1, 
then rj is a torsion point of Pic (S). 



Proof. By Serre duality and the hypothesis, we have /i 1 (5', Os(K + r/)) = 
h 1 (S,O s (-r ] )) = 0. 

Considering the long exact sequence obtained from the exact sequence: 

- Os{r-n - C) - Os(-v) - Oc(-v) - o 
we obtain h l {S,O s {-r] - C)) = h°{C,O c {-r])). The line bundle O c {-rj) 



has degree on C, thus, by [CFMH , corollary (A.2), h°(C, O c (-r])) < 1 with 



equality holding if and only if —t]\q ~ Oc- Now the first assertion follows 
because, by Serre duality h l {S, O s (-V ~ C)) = h l {S,O s {K + 77 + C)). 

The second assertion follows immediately from the first if we recall that 
h l {S,Os{K + C)) is the dimension of the kernel of the restriction map 
Pic (S) -> Pic°(C). o 
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Proposition 2.2 Let S be an irregular surface of general type such that 
either q = 1 or the image of the Albanese map a : S —* Alb(S) is a surface. 

(i) If C is a 1-connected curve on S and 77 £ Pic°(S) is a general point, 
then ^(S, O s (K + 77 + C)) < 1. 

(ii) IfC is a 1-connected curve on S which is not contracted by the Albanese 
map a: S -> Alb(S), then h^S, O s {K + C)) < q and if rj € Pic°(S) is a 
general point, then h x (S, Os{K + 77 + C)) = 0. 

fm,) // C is a 1-connected curve on S which is contracted by the Albanese 
map a: S -> Alb(S), then h^S, O s {K + C)) = q and if rj € Pi^(S) is a 
general point, then h x (S, Os{K + 77 + C)) = 1. 



Proof. Assertion (i) is an immediate consequence of lemma 2A because 
Os{K + rf)) = for a general point 77 G Pic°(S). For g = 1 this is clear 
by upper semicontinuity of h°(S, Os(K + 77)) on 77 £ Pic°(S), whereas for 
g > 2 it follows by the generic vanishing theorem from |GL| (see also [pq| ). 
Let us prove assertion (ii). The assertion about /i 1 (5', Os{K + C)) is well 



known (see [Ra] and |Ca| l, remark 6.8). Indeed, since C is not contracted by 
the Albanese map, if 77 G Pic°(S) is a general point, then n\c is non-trivial, 
i.e. the restriction map Pic°(S) — > Pic°(C) is non-zero. Hence its tangent 
map fT 1 (S', S ) -> ff^C, O c ) is non-zero, thus ^(5, O s (^T + C)), which is 
the dimension of its kernel, is smaller than /i 1 (S', O5) = q. The assertion 
about /i 1 (S', Os{K + 77 + C)) then follows also from lemma 2.1. 
The proof of (iii) is similar and therefore we omit it. o 



3 Some properties of the paracanonical curves 

Let S be an irregular surface of general type. We denote by K a canonical 
divisor of S. If 77 € Pic°(S) is any point, we will consider the linear system 
\K + 77 J . We denote by C v a curve in \K + t/|, called a paracanonical curve 
of S. 

Assume now that p g = 2, q = 1 for S. Then, for a general point 77 € 
Pic (S), the linear system |iT + ?7| is a pencil. The curves thus describe, 
for a general point 77 £ Pic (S), a continuous system /C of dimension 2 of 
curves on S, called the main paracanonical system of S. 

We will write \K + 77 1 = i 7 ^ + |M„|, where F := F v is the fixed part and 
|M I := \M rj \ is the movable part of | K + 77 1. Next we prove two lemmas 
about the main paracanonical system. 
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Lemma 3.1 In the above setting, there is a not empty open Zariski subset 
U C Pic (S) such that either or \M„\ stays fixed as r\ varies in U. 

Proof. Let U C Pic°(S) be the not empty open set such that depends 
flatly on n E U, so that the algebraic equivalence class of F v is independent 
on n E U. 

Suppose F v varies with 77 G U. Fix a point e E Pic°(S). Then, when 
n varies, the system F„ + \M e \ varies describing the general paracanonical 
system in IC. This proves that \M e \ does not depend on 77. o 



Lemma 3.2 Let S be a minimal surface of general type with p g = 2, q = 1, 
with no pencil of curves of genus 2 and K 2 < 8. For any 77 E Pic°(S) 
such that h°(S,Os(K + 77)) = 2, the general curve in |MJ is irreducible. 
Furthermore: 

(i) if |MJ = \M\ does not depend on 77 E Pic°(S), then either F„ is 1- 
connected or F^ = A„ + B, where B is a fundamental cycle, A := is 
1-connected, and K 2 S = 8, K s ■ M = 4, A ■ B = 0, K ■ A = 4, A 2 = 2, 
M ■ A = M ■ B = 2; 

(ii) if F„ = F does not depend on n £ Pic°(S), then either F = 0, or 
F ■ M = 2, F is 1-connected and M 2 > 4 or K 2 = 8, M 2 = F ■ M = 4 and 
K ■ F = 0. In this latter case either F is 1-connected or F = A-\- B with A, 
B fundamental cycles such that A ■ B = 0. 



Proof. We start by proving that the general curve in \M„\ is irreducible if 
h°(S, Os{K + 77)) = 2. Otherwise the pencil |MJ would be composed with 
a pencil V. The pencil V cannot be rational, since \M„\ has dimension 1. 
Since 5 = 1, then V would be an elliptic pencil, i.e. the Albanese pencil of 
S, and M v = 2G, where G is a curve in V. Since G 2 = 0, we must have 
F n 7^ and we cannot have K ■ F v = 0, otherwise F v would be contained in 
curves of V and the canonical curves would be disconnected. Thus we have 
8 > K 2 > K ■ F + 2K ■ G > 2K ■ G, hence K ■ G = 2, i.e. V would be a 
pencil of curves of genus 2, a contradiction. 

Now we prove (i). Suppose \M V \ = \M\ does not depend on r\ E Pic°(S). 
Then F^ moves with n. We claim that K ■ F^ > 4 and therefore K ■ M < 
4. Indeed, let G := G^ be an irreducible component of F := F^ moving 
with rj, so that G is nef. Notice that by Debarre's inequality [De] we have 
K 2 > 2p g = 4. Then the index theorem tells us that K ■ G > 2 and 
K ■ G = 2 would imply that G moves in a pencil of curves of genus 2, a 
contradiction. If K ■ G = 3, the index theorem again says that G 2 = 1 
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and we have a contradiction by proposition (0.18) from [CCMj. Therefore 
K ■ F > K ■ G > 4 and there is a unique component G of F moving with r/, 
otherwise K ■ F > 8 and therefore K ■ M < 0, a contradiction. 

If F-M = 2, then F is 1-connected by A.4 from |CFM[| . Assume F ■ M > 
2. Then we have 4>K-M = F- M + M 2 > 4 + M 2 , yielding F ■ M = 
4, M 2 = F 2 = 0, K • M = K ■ F = 4, K 2 = 8. If F is not 1-connected, then 
i 7 = A + B with A, £> effective, non-zero divisors, such that A ■ B < 0. Then 
(M + A) • B > 2, hence M • B > 2 - A ■ B > 2, and similarly M ■ A > 2. 
Since F • M = 4 we must have M ■ A = M ■ B = 2 and A ■ B = 0. Thus F is 
0-connected and A and -B are also 0-connected by A.4 from [ CFM| . Suppose 
the unique component G of F moving with 77 sits in A. Then K ■ A = 4 and 
K ■ B = 0. From = K ■ B = B ■ A + B 2 + B ■ M = B 2 + 2, we deduce 
B 2 = -2, hence B is a fundamental cycle. Suppose A is not 1-connected 
and write A = A' + A", with A' • A" = 0. We claim that B ■ A' = B ■ A" = 0. 
Suppose indeed that £ • A' > 0. Since = B-A = B-A' + B- A", we would 
have B ■ A" < 0. But then A" • (A' + B) = A" ■ B < 0, contrary to the fact 
that F is 0-connected. Suppose G sits in A' . We claim that M ■ G > 2. 
Indeed, clearly M • G > 0. If M ■ G = 1, since G is not rational, then \M\ 
would cut a fixed point on G, hence G would be properly contained in a 
curve of \M\, contrary to the fact that G moves on S. Since M ■ G > 2, we 
have M ■ A' = 2, M ■ A" = 0. But then A" ■ (A' + B + M) = 0, contrary to 
the 2-connectedness of the canonical divisors. This ends the proof of (i). 

In case (ii) we set M := M^. One has M 2 > since M moves in a 
system Ai of curves of dimension 2 and the general curve M is irreducible. 
The case M 2 = 1 is excluded by proposition (0.14, iii) of [CCM|. The case 
M 2 = 2 is also excluded by theorem (0.20) of ||CCM|| . Thus we may assume 
M 2 > 3. Suppose that M 2 = 3, in which case F / 0, otherwise we would 
have K 2 = M 2 = 3 against Q. Again by theorem (0.20) of jCCMj , M 
has no base point. Fix -q E Pic°(S) general and a general curve M £ \M„\. 
For a general e E Pic°(S), the pencil \M t \ cuts out on M a base point free 
$3 which has to vary with e by (1.6) of | CFM |. This is impossible, since 
M ■ (K + M) = M ■ (2M + F) > 8 and therefore p a (M) > 5. Thus M 2 > 4. 
If M ■ F > 4, then 8>K 2 >K-M = F-M + M 2 , proving that K 2 = 8 
and M 2 = F • M = 4, K ■ F = 0. Suppose F is not 1-connected and write 
F = A + B with A, B effective, non-zero divisors, such that A ■ B < 0. 
By the same argument we made before, we have M ■ A = M ■ B = 2 and 
A-B = K- A = K-B = 0. Since F 2 = -4 we have that A 2 = B 2 = -2, 
and this concludes the proof of (ii). o 



5 



4 Non birationality of the bicanonical map and 
the paracanonical system 

Now we will consider a minimal surface S of general type with p g = 2, q = 1, 
with non-birational bicanonical map <j), presenting the non-standard case. 
Notice that, by [|Rj and by proposition 3.1 of [CM], one has then K 2 < 8. 



We also recall the following lemma already contained in [ |CCM| (see lemma 
(2.2) of that paper): 

Lemma 4.1 Fix rj € Pic°(S) and let x, y be points on S such that (j>{x) = 
<j)(y), with y not lying in the base locus of \K — r)\. In particular one may 
assume that x, y are general points such that (j){x) = (f>(y). Then x belongs 
to a curve C v in \K + rj\ if and only if y £ C v . 

Let v > 1 be the degree of <fi. In view of this lemma, <ft restricts to the 
general curve M v to a map of degree v to its image. In particular, if cf) has 
degree 2, then the bicanonical involution fixes the curves M„ and therefore 
also the curves F„. 

Now we are ready for the proof of the following proposition: 

Proposition 4.2 Let S be a minimal surface of general type with p g = 2, 
q = 1, with non-birational bicanonical map, presenting the non-standard 



case. Then, with the same notation as in lemma S.i, we have that F = F„ 
is independent of rj £ Pic°(S), and either: 

(i) F = or F is 1-connected, strictly contained in a fibre of the Albanese 
pencil of S and F ■ M = 2, M 2 > 4, or; 

(ii) F = A + B with A, B fundamental cycles such that A ■ B = and 
M 2 = F ■ M = 4, K 2 = 8. 

In any case for a general rj G Pic°(S), the general curve M 6 \M V \ is 
bielliptic and for a general e € Pic°(S), the linear system \M e \ cuts out on 
M a complete linear series whose movable part is a g\ composed with the 
bielliptic involution on M . 

The bicanonical map has then degree 2 onto its image, and the bicanon- 
ical involution l acts on the general curve M as the bielliptic involution. 

Proof. First, assume that F is non-zero, 1-connected and not contained 
in a fibre of the Albanese pencil. We claim that this case is not possible. 

Notice that h 1 (S,O s {2K - Af„)) = h x (S,O s (K + F v - rj)) =0 for 
rj G Pic°(S) a general point. Indeed, if \M„\ moves with rj, then F = F v stays 



fixed by lemma 3.1, and the assertion follows by proposition |2.2| , (ii). If \M V 
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stays fixed while rj moves, the divisor F^ — r] stays also fixed, and we obtain 
the assertion by the second part of lemma 2.1 , because /i 1 (S', Os(— F^)) = 
and r\ is not a torsion point, for a general r\ £ Pic°(S) . 

Thus if r] £ Pic°(S) is general, the bicanonical system |2iT| cuts out 
on the general curve M £ |M^| a complete, non special series of degree 
2g — 2 + F ■ M and dimension g — 2 + F ■ M, where we set g := p a (M). 
By lemma 4.1 this series is composite with an involution of degree 5 > 2. 
One has 2g - 2 + F ■ M > 5{g - 1) + 5(F ■ M - 1), hence F ■ M > (5 - 
2)(g - 1) + 5(F ■ M — 1) > 2(F ■ M — 1), and therefore F ■ M = 5 = 2 and 
the equality has to hold everywhere in the above inequalities. In particular 
M is hyper elliptic. Notice that two points x,y £ M are conjugated in the 
hyperelliptic involution if and only if 4>{x) = (j)(y), so that has degree 2 
onto its image and we can talk about the bicanonical involution 1 such that 
i(x) = y if and only if <p{x) = 4>{y). 

Suppose that \M V \ moves with rj. Let e £ Pic°(S) be a general point 
and consider the linear series g t ^ cut out by \M e \ on the general curve 
M £ \M V \. This series is complete and its movable part is composite with the 



hyperelliptic involution on M by lemma 4.1. Furthermore its fixed divisor 



does not depend on e, since it is supported at the finitely many points of S 
which belong to every curve M^. This would imply that g e rj is independent 
on e, a contradiction to (1.6) of [CFM]. 

Suppose that \M rj \ does not move with rj and let again M be the general 
curve in \M rj \. Let e € Pic°(S) be a general point. By lemma 4.1 the curve 
F e cuts out on M a divisor fixed by the hyperelliptic involution. This would 
imply that the restriction map Pic°(S) — > Pic°(M) is the zero map, yielding 
h l (S,Os{—M)) = 1, a contradiction. Our claim is thus proved. 

Suppose next that F is 1-connected, contained in some fibre of the Al- 
banese pencil of S. Remark that Os{— F)) = 1 and also /i 1 (5', Os{— F+ 
rj)) = 1, for r\ £ Pic°(S) general by proposition ^L^. Now we will prove that 
(i) holds and therefore \M rj \ moves with r) £ Pic°(S). 

In this case \2K\ cuts out on M an incomplete series of degree 2g — 2 + 
F ■ M and dimension g — 3 + F ■ M, which is composite with an involution 
of degree 5 > 2. We claim that 5 = 2. Suppose indeed that 5 > 3. Then 
2g - 2 + F ■ M > S(g - 3) + 3F • M, i.e. g + 2F ■ M < 7, which yields g = 3, 
F ■ M = 2, 5 = 3. Then 4 = (K + M) ■ M = F ■ M + 2M 2 = 2 + 2M 2 , 
and we find M 2 = 1. By theorem (0.20) of [CCMjl , we see that \M\ cannot 
vary with r/, which means that F has to. Namely F has to be a fibre of the 
Albanese pencil. Then K-F = F 2 + F- M = 2, and we find a contradiction. 

From 5 = 2 we deduce 2(#-3 + F-M) < 2^-2 + F-M, hence F ■ M < 4. 

If F ■ M = 4, then M has to be hyperelliptic. Arguing as above, we see 
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that \M\ cannot move with 77, hence F has to, so that F is a fibre of the 
Albanese pencil. In this case, by lemma [O], the bicanonical involution has 
to fix every curve of the Albanese pencil. Thus, if x,y £ M are in the g\, 
i.e. if l(x) = y, then the fibre of the Albanese pencil through x also contains 
y. This would imply that the base of the Albanese pencil is rational, a 
contradiction. 

If F ■ M = 2, then K ■ F = F 2 + F ■ M < 2 and therefore F cannot 
move, otherwise the fibres of the Albanese pencil have genus 2. Then, by 
proposition |3.2| , M 2 > 4. This ends the proof of (i). 

Suppose now that F is not 1-connected. Then we will prove that \M ri \ 
moves with r\ € Pic°(S), thus (ii) will follow by lemma |J, (ii). 

If |M| does not depend on 77 € Pic°(S), then one has a decomposition 
F = A+B as in part (i) of lemma [T^ and we claim that h}{S, Os(— F)) = 1. 
Indeed h^S, O s \-A)) = and h (B,O B {A)) = 1 and the claim follows by 
the exact sequence 



- Os(-F) -> Os(-A) - ObM)) - 

Hence |2if| cuts out on the general curve M £ |M| a linear series of degree 
2g + 2 and dimension r > g + 1 , which is composite with an involution of 
degree 5 > 2. This implies again that the involution in question is a g\ on 
M. Arguing as before we see that the curves A should cut out on M divisors 
of this g\, which leads to a contradiction. Thus we proved that \M V \ moves 
with 77 G Pic (5). 

As for the final part of the statement, first suppose we are in case (i). As 
we saw, \2K\ cuts out on M a g^g 1 composed with an involution of degree 
2. As usual, one sees that M cannot be hyperelliptic. Then it has to be 
bielliptic. The series cut out by |M e | on M is complete. Its fixed part does 
not depend on e, whereas its movable part is composed with the bielliptic 
involution and it is complete, of dimension 1, hence it is a g\ . 



Suppose now we are in case (ii). Recall that, by lemma 4.1, the degree 
of the map 4>m '■ M — > 4>(M) is v > 2, which is also the degree of <f). Since 
M ■ (K + M) = 12, then M has genus 7. The series cut out by \M e \ on M 
is a complete g\, varying with the parameter e € Pic°(S). Notice that its 
fixed part does not depend on e, hence it is empty, since there are finitely 



many <^'s on M, with d < 3. Furthermore lemma 4.1 yields that either 
v = 2 or v = 4. In the latter case however the g\ would not vary with 
e, a contradiction. Therefore v = 2 and the g\ is composed with a fixed 
involution of degree 2, independent on e. Since the g\ is complete and varies 
with e, we see that the involution on M has to be elliptic, o 



S 



Notice that the assertion concerning the degree of the bicanonical map 
contained in the above proposition, also follows by the results of Q. 



5 The main theorem 

In this section we will prove the following: 

Theorem 5.1 If S is a surface of general type with p g = 1, q = 1, non- 
birational bicanonical map, then it presents the standard case. 



By proposition 4.2, if S is a minimal surface of general type with p g = 2, 
q = 1, such that the bicanonical map is not birational and S presents the 
non-standard case, then for n G Pic°(S) a general point, the pencil \K+n\ = 
F + |MJ has a fixed part F which does not depend on i] and a movable 
part \M\ = |MJ which depends on 77. Notice that all components of F sit 
in fibres of the Albanese pencil. 

We let A4 be the 2-dimensional system of curves which is the closure, in 
the Hilbert scheme, of the family of curves \M V \, with n G Pic°(S) a general 
point. If we let /i := M 2 , then fj, > 4 and the general curve M G Ai is 
irreducible. Notice that M. has a natural morphism A4 — > Pic°(S) whose 
general fibre is aP 1 . 

Fix a general point x G S and set x' := l(x). Consider the system 
M x of curves in M passing through x. We claim that the system J\A.x Is 
irreducible, of dimension 1, parametrized by Pic (S). Indeed any irreducible 
component of M x has dimension 1 and no irreducible component of A4 X can 
be contained in a fibre of A4 — > Pic°(S). Since Ai x cuts the general fibre of 
A4 — > Pic°(S) in one point, the claim follows. 

Notice that M. x = M x ', so it is appropriate to denote this system by 
M x ~*. 



Let us point out the following corollary of proposition 4.2 



Corollary 5.2 In the above setting, two general curves in A4 have intersec- 
tion multiplicity fi — 4 at fixed points of S, and intersect at 4 further distinct 
variable points, which are pairwise conjugated in the bicanonical involution 
l. In particular, given a general point x G S, two general curves in A4 x y in- 
tersect at 2 distinct variable points, which are conjugated in the bicanonical 
involution. 

Recall that the index of a 1-dimensional system of curves on a surface is 
the number of curves of the system passing through a general point of the 
surface. Next we prove the following lemma: 
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Lemma 5.3 In the above setting, the system Ai x ,x' has index v = 2. 



Proof. The index of M. x ,x' cannot be 1. In this case, in fact, A4 x ,x' would 
be a pencil. Since M. xx > has base points at x and x', it would be a rational 
pencil, whereas we know it is parametrized by Pic°(S). Thus v > 2. 

Let y be a general point of S and set y' := i(y). Let M be a curve 
in M XtX ' through y and therefore also through y'. Since v > 2, we know 
there is some other curve M' in A4 X)X > through y and y' . Suppose there is 
a third one M" . Then M' and M" would cut out on M the same divisor, a 



contradiction to (1.6) of [CFM|. 



Set Pic°(S) := A' and fix x £ S a general point. Another general point 
y € S determines two point mi y, m2,y in A' corresponding to the two curves 
of M. xx > containing y. Thus we can consider the map: 

a : S -» Pic 2 (A') ~ A' 

which takes the general point y £ S to the divisor class of mi ^ + ro2 «• 
This map is clearly surjective and it factors through the Albanese map. 
We denote by G the general fibre of a, which is composed of curves of the 
Albanese pencil. 

We are finally in a position to give the: 



Proof of theorem 5.1. Assume S presents the non-standard case. Let us 



keep the above notation and let us set n := G ■ M. By proposition |4.2j , one 
has G-K = G- F + G-M = G- M = n. Since we are in the non-standard 
case, we have n > 4. 

Fix a general point x £ X and the system Ai X)X '- Let M be a general 
curve in M. XjX i. Let M C\G consist of the points x%, ...,x n . Notice that each 
of the points general point of <S, in particular it is different 

from x and x'. Let m be the point of A' corresponding to the curve M. By 



lemma 5^ and by the generality of xi,...,x n , for each i = l,...,n there is 
only another curve M, G A^^^', different from M, containing Xj. Let be 
the point of A' corresponding to Mj, i = 1, ...,n. One has a(xj) = m + mj, 
i = l,...,n. On the other hand, by the meaning of G, one has a(x\) = 
... = a(x n ), i.e. the divisor classes of m + nii on A' are the same for all 
i = 1, ...,n. This implies mi = ... = m n , i.e. M\ = ... = M n . Let M' be this 
curve. Then x\,...,x n sit in the intersection of the two curves M and M' of 



A4 X x ', off the points x, x'. By corollary 5^ we have n + 2 < 4, i.e. n < 2, a 
contradiction, o 
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